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Introduction 


Hello everyone, this file contain 100 problem in inequalities, generally at Pre-Olympiad level. Those 
problems has been collected from MathLinks.ro at the topic called ” ‘Inequalities Marathon)’. I decide to 
make this work to be a good reference for young students who are interested in inequalities. This work 
provides some of the nicest problems among international Olympiads, as well as some amazing problems by 
the participants. Some of the problems contains more than one solution from the marathon and even outside 
the marathon from other sources. 


THE FILE DESCRIPTION: 
L The next page contain all the members that participate with URLs to their MathLinks.ro user-name 
information and also that page contain some of the real names of the participants that like to have their real 
names on this file. 
IJ- Then there are some pages under the title of ”‘Important Definitions”’, this page contain some important 
definition that you may see them in the problems so if you don’t know one of those definitions you can look 
at it there. 
III- Then the problems section comes each problem with its solution(s). 


A- The problem format: ”‘Problem No. ‘Author’ (Proposer):”’ 
B- The solution format: ”‘Solution No. (Propser):”’ (Note that the proposer of the solution is not nec- 


essary the one who make this solution) 


I would like to all the participants of this marathon for making this work, also I would like to give a 
special thank to Endrit Fejzullahu and Popa Alexandru for their contributing making this file. 


If you have another solution to any of those problem or a suggestion or even if you find any mistake of 
any type on this file please PM me at my MathLinks.ro user or e-mail me at hasan4444@gawab.com. 


Editor 
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Important Definitions 


Abel Summation Formula 
Let @1,42,°-°+ ,@n and by, b2,--- ,b, be two finite sequances of number. Then 


ab, +agbo+...+anby, = (ay az)by t (a2 a3) (by t bz) t Seng t (Gn—1 Qn) (by +b2+: ¢ -+bn—1)+Gy (by +b2+: 2 -+bn) 


AM-GM (Arithmetic Mean-Geometric Mean) Inequality 
If a1, @2,-+: ,@, are nonnegative real numbers, then 


a1, 42 +++* + an 


2 WG1A2°+ + An 


n 
with equality if and only if a1 = ag =--: =@n. 
Cauchy-Schwarz Inequality 

For any real numbers a1, d@2,--- ,@y, and by, bg,--- , bn 


(aj +43 +++ +an)(bj +3 +++ +b;) > (aids + abo + +++ + anda)” 


with equality if and only if a; and b; are proportional, i = 1,2,--- ,n. 


Chebyshev’s Inequality 
If (a1, @2,°-+ ,@n) and (bj, b2,--+ , bn) are two sequences of real numbers arranged in the same order then : 


n(a,by + dgbo +... + dnbn) > (a1 + ag +... + Gn) (by + bg +... + On) 


Cyclic Sum 
Let n be a positive integer. Given a function f of n variables, define the cyclic sum of variables (a1, a@2,--- , Gn) 
as 


S— f(a1, a2, a3, Oe ‘Lip = f (a1, a2, a3, oS An) +f (a2, a3, a4, ete An, 01) +f (a3, a4, es An, 41, 42)+. : +f (an, a1, a2, at Gin=4) 


cyc 


QM-AM-GM-HM (General Mean) Inequality 


If a1, @2,++-+ ,@, are nonnegative real numbers, then 
af +az+---+a2% _— a1,d2+-+++an n 
= 2 V/G1A2°+*An = T T T 
nm nr at + Ge aca an 
with equality if and only if a4, = ag =--: = dp. 


GM-HM (Geometric Mean-Harmonic Mean) Inequality 


If a1, @2,°++ ,@, are nonnegative real numbers, then 
Vida" Gn 2 ek ee 
ai! ae an 
with equality if and only if aj = ag =-+--= dp. 


Hlawka’s Inequality 
Let 21, 22, 23 be three complex numbers. Then: 


|z1 + 22| + [22 + 23| + les + 21] < [ea] + |22| + |23] + [21 + 22 + 28 


Holder’s Inequality 
Given mn (m,n € N) positive real numbers (x;;)(i1,m , jl,n) , then: 


m m a n mio 
H(Sc%) >>> (T-3] 
jl 


a 


Jensen’s Inequality 
Let F be a convex function of one real variable. Let x1,...,%, € R and let aj,...,a, > 0 satisfy 
a, +++++4, = 1. Then: 


F(ayay +--+ +Gn%n) < a, F (a1) +--+ + nF (2p) 


Karamata’s Inequality 
Given that F(x) is a convex function in x, and that the sequence {21,...,%,} majorizes the sequence 
{y1,---,Yn}, the theorem states that 


Fl ei) ePb Py) SF gi) Py) 


The inequality is reversed if F(a) is concave, since in this case the function —F(x) is convex. 


Lagrange’s Identity 
The identity: 


be as) = (>: «) (>: «) — S- (ab; si a;by)” 
k=1 k=1 k=1 


1<k<j<n 


applies to any two sets {a1,d@2,--- ,@,} and {b,, be,--- ,b,} of real or complex numbers. 


Minkowski’s Inequality 
For any real number r > 1 and any positive real numbers a1, a@2,--- ,@, and 1, b9,--- ,b,. Then 


31H 
Ie 


((ar + 1)” + (a2 + ba)" +--+ (Qn + bu)")? S (ah + as + ah)? + (Oh + BE +--+ Oh) 


Muirhead’s Inequality 


If a sequence A majorizes a sequence B, then given a set of positive reals 71, %2,--- ,%n 
Se peta ay tae 
sym sym 


QM-AM (Quadratic Mean-Arithmetic Mean) Inequality 
Also called root-mean-square and state that if a1, a2,--- ,@p, are nonnegative real numbers, then 


| Cad ae x Grda t+ tan 


n n 
with equality if and only if aj = ag =---=a,.The Rearrangement Inequality 
Let ay < ag < +--+ < ay and by < bo < +++ < b, be real numbers. For any permutation (a‘,a5,--- ,a/,) of 
(a1, a2,°°° 5 Ax); we have 


a,b, + dgbo +--+: + anbn < aby + agbg +--+ +a) Dy 
< Anb1 + An—1b9 aeaaees ae aby 


with equality if and only if (a},a4,--- ,a/,) is equal to (a1, @2,--+ ,@n) OF (Gn, An—1,°*+ ,@1) respectively. 


Schur’s Inequality 
For all non-negative a,b,c € R and r > 0: 


a’(a— b)(a—c)+b'(b—a)(b—c) +c"(c—a)(c—b) > 0 
The four equality cases occur when a = b = c or when two of a,b,c are equal and the third is 0. 


COMMON CASES 
The r = 1 case yields the well-known inequality:a? + b? + c3 + 3abe > a?b + a?c + b?a t+ b?ce4+ Ca + c7b 
When r = 2, an equivalent form is: at + b+ + c+ + abc(at+ b+ ¢) > a3b+a3c+b3a+ Bet Bat cd 


Weighted AM-GM Inequality 
For any nonnegative real numbers aj, d2,:+- ,@n if wi, w2,--: ,Wpy are nonnegative real numbers (weights) 
with sum 1, then 


way + wea +--+ + Wndn > ay tay? --- alm 


with equality if and only if aj = ag =--::-=@dy. 


Problem 1 ‘India 2002’ (Hassan Al-Sibyani): For any positive real numbers a, b, c show that the following 
inequality holds 


First Solution (Popa Alexandru): Ok. After not so many computations i got that: 


bo ¢ a+b b+e cta 
b ec a cta a+b 0b 


= abc ae i a a boc 
~~ (a+by(b+e\(e+a)\P° 2 a 


4: abc ab 4: be ca 3 
(a+ b)(b+c)(c+a) \c? a Bb 


a c 
So in order to prove the above inequality we need to prove = + 4+—427+-7+- and 5+ >3 
c 


a 
The second inequality is obvious by AM-GM , and the for the first we have: 


Ce Axe. ae able s CROs : 
BA ES? GA. bc a@@)/~\b' cia 


where i used AM-GM and the inequality 3(a? + y? + 2?) > (a+y+ 2)? for z ; ,Y 


So the inequality is proved. 


b 
Second Solution (Raghav Grover): Substitute 5 a, Y; © =z So xyz = 1. The inequality after 
c a 


substitution becomes 


Pzt+yrt+erter+y+e2>rtytz4+3 
x?z+ yx + 27x > 3 So now it is left to prove that x? + y? + 22 > x2+y+z which is easy. 


Third Solution (Popa Alexandru): Bashing out it gives 
atc? + bta? + ctb? + ab? + b3c3 + ac? > abc(ab? + bc? + ca? + 3abc) 
which is true because AM-GM gives : 
a®b? + Bc? + a3 > 3a7b?C7 


and by Muirhead : 


atc? + bta? + ctb? > abc(ab? + +bc? + ca”) 
Fourth Solution (Popa Alexandru): Observe that the inequality is equivalent with: 


2 
S- a + be >3 
a(a + b) 


cyc 


Now use AM-GM: 


a* + be 3/ [[(a? + bc) 
De 2 abc] ](a + b) 


So it remains to prove: 
[[@ + bc) > abc [I +) 
Now we prove 
(a? + be)(b* + ca) > ab(e +.a)(b+c) 6 a? +b? > ab? +.07b & (a+b)(a— b)? > 0 


Multiplying the similars we are done. 


Problem 2 ‘Mazim Bogdan’ (Popa Alexandru): Let a,b,c,d > 0 such that a << b<c<dandabed=1. 
Then show that: 


3 

1 
Solution (Mateescu Constantin):From the condition a < b <c<d we get that a> zB 

1 
=> (a+1)\(d+1)> (= +1) (d+ 1) 

‘ 1 3 
Now let’s prove that (1 + =) (d+1)>3+ Te 
This is equivalent with: (d? + 1)(d+1) > 3d? + ; 


> [d(d—1)]? - [dd -V) 1> 2 <> [a(d-1)- 3]? >0. 


1 1 
Equality holds for a = 7 and d(d— 1) — 5 0—d= 


: 
a 


Problem 3 ‘Darij Grinberg’ (Hassan Al-Sibyani): If a,b,c are three positive real numbers, then 


a b c 9 


(b+) - (eta)? (a+b) = 4(a+b+c) 


First Solution (Dimitris Charisis): 
> a’ < (a+b+c) 
ab? + ac? + 2abe ~ Yo sym a7b + Babe 
So we only have to prove that: 
A(a+b+c)? > 95° a’b + 54dabe => 4(a? + BP 4c?) + 125° a*b + 24abe > 95> a’b + 54abe <=> 


sym sym sym 
4(a3 +b +c?) +3$° a?b > 30abe 

sym 
But se a*b > Gabe and a® + b? +c? > 3abe 


sym 
So 4(a? + b? +c?) +35 ° ab > 30abe 


sym 


Second Solution (Popa Alezandru): Use Cauchy-Schwartz and Nesbitt: 


(eee a , b Soe s GU € aaa: 
cae (b+0)? ° (c+ a)? (a+b?) ~\b+e°cta' atb) ~4 


Problem 4 ‘United Kingdom 1999’ (Dimitris Charisis): For a,b,c > 0 and a+ b+ c = 1 prove that 
7(ab + be + ca) < 2 + Yabe 


First Solution (Popa Alexandru): 
Homogenize to 
2(a+b +c)? + 9abe > 7(ab + be + ca)(a+b+c) 


Expanding it becomes : 
$7 a +6 5° a7b + 2labe > 7° a7b + 2labe 


sym sym sym 


a® > a 
die > dias 


sym sym 


So we just need to show: 


which is obvious by 
a® + a? + b° > 3a7b and similars. 


Second Solution (Popa Alexandru): Schur gives 1 + 9abc > 4(ab+ bc + ca) and use also 3(ab + be + ca) < 
(a+6+ cc)? = 1 Suming is done . 


Problem 5 ‘Gheorghe Szollosy, Gazeta Matematica’ (Popa Alexandru): Let x,y,z € R+. Prove that: 


3 


fuly +1) +4/y(z +1) + f2z(e +1) < 5 (x +1)\(y+1)(z4+1) 


Solution (Endrit Fejzullahu): Dividing with the square root on the RHS we have : 


x Yy z 3 
a + /eengaD /@aDGED <9 
By AM-GM 


Summing we obtain 


1 x 1 Yy 1 z 1 3 
LHS < = 
<5((5 =a) (4+) ( =i) 2 


Problem 6 ‘Romanian Regional Mathematic Olympiad 2006’ (Endrit Fejzullahu): Let a,b,c be positive 
numbers , then prove that 


Feat ae 4a is 4b Rs 4c 
a b c 2a7+b0?4+c2 a?4+2b? +c? a?4+ 624 2c? 


First Solution (Mateescu Constantin): By AM — GM we have 2a? + b? + c? > 4avV/bc 
4a 4a 1 


=> < — 

2a +b? +c ~ davbe Vbe 

1 1 1 
Addind the similar inequalities => RHS < + (1) 
vab be Jca ; 
1 1 1 1 1 1 

Using Cauchy-Schwarz we have <i [ae 

3 : (+5 Vbc a = (: b *) 


1 1 1 Le ede a 

So + <-4 | 2 
JVab Vbe Vea a b e¢ (2) 

From (1), (2) we obtain the desired result . 


Second Solution (Popa Alexandru): By Cauchy-Schwatz : 


4a e a 4. a 
2a? + 6? +. c2 — a2 +6? a2+c? 


Then we have 


a+b 2 1 1 
RHS < ) ap =e arb < D(a tap) = 249 


cyc 


Third Solution (Popa Alerandru): Since 2a* + b? + c? > a? + ab+be+ca = (a+b)(c+ a). There we 


have: 
a 8(ab + bc + ca) MoT, lll 


4 
LESS GG GDGEECEO at 


cyc 


The last one is equivalent with (a + b)(b+c)(c+ a) > 8abc. 


Problem 7 ‘Pham Kim Hung’ (Mateescu Constantin): Let a,b,c,d,e be non-negative real numbers such 
thata+b+c+d+e=5. Prove that: 


abc + bcd + cde + dea + eab < 5 


Solution (Popa Alexandru): Assume e < min{a, b, c,d}. Then AM-GM gives : 


e(5 — e)? ay (5 — 2e)? 


< 
4 27 =e 


e(c+a)(b+ d) + bce(a+d—e)< 


the last one being equivalent with: 


Problem 8 ‘Popa Alexandru’ (Popa Alexandru): Let a,b,c be real numbers such that 0 <a<b<c. 
Prove that: 
(a+ b)(c +a)? > 6abc 


First Solution (Popa Alexandru): Let 
b=2a,c=yb=a2ya>uz,y>1 
Then: 


2 
(a aroy S Babe 


& (x +1)(xy + 1)? - a? > 6a? ya? 
& («+ 1)(ay +1)? > 62?y 
(x + 1)(4ay + (zy — 1)*) > 62y 
& Ary + (ry —1)?- 2+ (xy — 1)? — 22?y > 0 


We have that: 


4ey + (zy —1)?- 2+ (xy —1)? — 22?y > 
> dry + 2(ay — 1)? — 2x*y( because x > 1) 
= 2n74? + 2—227y = Qry(y—1)+2>0 
done. 


Second Solution (Endrit Fejzullahu): Let b=a+a,c=b+y=a+ux+4+y,sure x,y >0 
Inequality becomes 


But 


3 Qa7y xy? 


(2a4+ x)(x + y+ 2a)? —6a(at x)(a+a4 y) = 2a? + 2a7y + 2ary + 2ay* + ¢ 


I 


which is clearly positive. 


Problem 9 ‘Nesbitt’ (Raghav Grover): Prove for positive reals 


Solution (Dimitris Charisis): 
(a+b+c+d) 
se ab + (ac + bd) 


sym 
So we only need to prove that: 


From andreescu LHS > 


(a+b+ce+4+d)? > 25° ab+ 2(ac + bd) <> (a—c)?+(b—d)? >0.... 


sym 


10 


Problem 10 ‘Vasile Cartoaje’ (Dimitris Charisis): Let a,b, c,d be REAL numbers such that a?+b?+c?+d? = 


4 Prove that: 
2@+e+3+d3 <8 


Solution (Popa Alerandru): Just observe that 
+4340 <22(a?+b+274d’) =8 


because a, b,c,d < 2 


Problem 11 ‘Mircea Lascu’ (Endrit Fejzullahu): Let a,b,c be positive real numbers such that abc = 1 
.Prove that 


Srey 
a? + 2b?+3 ~ 2 


cyc 


Solution (Popa Alexandru): Using AM-GM we have : 


1 1 
LHS = < ——— 
2 TPE FI) 4D § Le Dade HTD 
1 1 1 
3 ds abt by ~ 2 
because 
f* , 1 a 1 ab 
betce+1 betctabe c abtb+1 ab+b+i1 
and 
1 1 
cat+at+1 t+a+1 ab+b+1 
so 


oe ab+b+1 ab+b+1 ab+tb+1 ab+b4+1— 


Problem 12 ‘Popa Alexandru’ (Popa Alexandru): Let a,b,c > 0 such that a+6+ c= 1. Prove that: 


2+¢ 2+a4 2+b ~ 7 


l+ta+b 1+b+e Iteta. 15 


First Solution (Dimitris Charisis): 
l+a+t+b 15 3+(at+b+c) _ 36 4 36 
Yaa ee eS ————— > Se 


11 


Do? (2+2+42)? 36 
But — 
RD Beart mea GLope: FF 


Second Solution (Endrit Fejzullahu): Let a > b > c then by Chebyshev’s inequality we have 


1 1 5 1 
LHS > =(1+14+14+2(a+b+e))>_ ==») 
3 met a 38 eta 


1 9 15 
By Titu’s Lemma 5» —— > ~, then LHS > — 
a 2+a4 7 


7 


Problem 13 ‘Titu Andreescu, IMO 2000’ (Dimitris Charisis): Let a,b,c be positive so that abc = 1 


(14) 0-148) (rsd) 


Solution (Endrit Fejzullahu): 
1 1 1 
(o-1+5) (0-142) (e142) <1 
b c 


Substitute a= —,b =~ 
z 


y 
Inequality is equivalent with 


(2-143) (E148) (2-142) <1 


> (0 +2—yy—z+a)(z—2+y) <ayz 

WLOG ,Letr >y>z,thenr+z>y,c+y>z1fy+z <x, then we are done because 
(a+z-y)(y-—z+2)(2-a+y) <0 and zyz >0 

Otherwise if y+ z >a , then x,y, z are side lengths of a triangle ,and then we can make the substitution 
r=m+ny=nt+tandz=t+m 

Inequality is equivalent with 

8mnt < (m+n)(n 4+ t)(t + m), this is true by AM-GM 

m+n >2/mn,n+t > 2/nt and t+m > 2vV/tm, multiply and we’re done. 


Problem 14 ‘Korea 1998’ (Endrit Fejzullahu): Let a,b,c > 0 and a+6+ c= abc. Prove that: 


1 1 ze 1 Be 
Vee? afeak  afeea = 2 


1 1 
First Solution (Dimitris Charisis): Setting a = —,b = —,c = — the condition becomes xy + yz + zx = 1, 
x z 


1 
y > 
and the inequality: 


av 
eo Ea 
/y2 417 2 
x x av xv 
But ——TvZvS => 
BD Brera Da marreer res » BTYETZ 
x ax 


—— + —— 
But x x eBay CZ 
ertyrx+zZz 2 


12 


Yen? y & 


x z 
= = a oh a 3 

So > < 2+ ety z2+2 j%ze~+20 yz zty _ 
rt+yr+2z 7 2 2 


Second Solution (Raghav Grover): 

Substitute a = tanz,b = tany andc=tanz wherex+y+z2=T7 
And we are left to prove 

cos z + cosy + cosz < 3 

Which i think is very well known.. 


Third Solution (Endrit Fejzullahu): By AM-GM we have a+6+c¢> 3Wabe and sincea+b+c=abe => 
(abc)? > 27 
We rewrite the given inequality as 


1 1 , 1 rm 1 “ 1 
3\a?4+1° B+1° 241) ~ 2 
Since function f(a) = 


1 1 1 a+b+c abc 1 1 : 
gfla)+ sf) + sf sf (=) =s( ) = ae a ae (abc)? > 27, QED 
32 


a is concave ,we apply Jensen’s inequality 


Problem 15 ‘—’ (Dimitris Charisis): 
If a,b,c € R and a? +b? +c? = 3. Find the minimum value of A = ab + be+ca—3(a+b+c). 


Solution (Endrit Fejzullahu): 


osha fare Wee) a—b?-c? (a+b+c)?-3 


2 2 
Let a+ b+ cre 
x 3 
Then A= > — 34-5 
; ; og 3 
We consider the second degree fuction f(x) = — — 3x — = 


2 


We obtain minimum for f (=) = f(3) = -6 
a 


Then Amin = —6 ,it is attained fora =b=c=1 


Problem 16 ‘Cezar Lupu’ (Endrit Fejzullahu): If a, b, care positive real numbers such that a+b+c = 1.Prove 
that 


a b Cc ae 
Job+e Veta Vato V2 


ax 


First Solution (keyree10): Let f(a) = i . f(x) >0 
—£ 
a 3s at+b+e 1 ; ” 
Therefore, S- =a > wis ,where s = —— by jensen’s. 
a b 


=> | } 2 sal Hence proved 
Jbpe Veta Jato V2 _ 


13 


Second Solution (geniusbliss): 
By holders’ inequality, 


a a ¢)3 
x (6+03 S> (b+0)3 So a(b+e) >(a+b+c) 


cyclic cyclic cyclic 
th 
us, : 
S- G S (at+b+c)? x 3(ab be+ca) 3 
cyclic (b ps c)3 7 2(ab + be+ ca) = 2(ab bc ca) = 2 
or 


a ae b ra = ie 
Jb+e Veta Vatb” V2 
Third Solution (Redwane Khyaout): 


a b < Cc sty fare ( 1 ss 1 et 1 ) 
t a c 
Vbtce Veta Vatb” 3 Vbtce Veta Vatb 


f(z) = vr is a convex function, so jensen’s inequality gives: 


1 3 
ee eee Pere ee 


2(a+b+c) 


1 
LHS > - 
a) 


Problem 17 ‘Adapted after IMO 1987 Shortlist’ (keyree10): If a,b,¢ are REALS such that a? +0? +c? =1 
Prove that 


a+b+c—2abe < V2 


Solution (Popa Alexandru): 
Use Cauchy-Schwartz: 


LHS = a(1— 2bc) + (b+ ¢) < (a? + (b+ 0)?)((1 — 2bc)? +1) 
So it’ll be enough to prove that : 
(a? + (b+ c)”)((1 — 2bc)? + 1) <2 (14 2bc)(1 — be + 267?) <1 6 4B? <1 


which is true because 
1>6?4+c > 2be 


done 


Problem 18 ‘Russia 2000’ (Popa Alexandru): Let x,y,z >0 such that xyz = 1. Show that: 


ety t2tt+etyte2> Wary + yz+ 22) 


14 


First Solution (Hoang Quoc Viet): To solve the problem of alex, we need Schur and Cauchy inequality 
as demonstrated as follow 


b 
a+b+c>3Vabe = (abc)? > ee + be + ca) — (a? +b? +c”) 


at+b+c~ 


Note that we possess the another form of Schur such as 


(a? +b? + c?\(a+b+c) + 9abe > 2(ab+ be + ca)(a + b+ ¢) 
Therefore, needless to say, we complete our proof here. 
Second Solution (Popa Alexandru): Observe that : 
Any + y2t 2a) — (a? +y? + 2?) = (Vat Vy + V2)(VE+ Vy - V2)(Va- Vu t V2)(-Ve+ Vy + V2) 
< faye(Vet+ fyt+ Vz) = Vet VytVvesrtyte 


so the conclusion follows . 


Third Solution (Mohamed El-Alami): Let put p= x«+y+z and q = ry+ yz + 2x , so then we can 
3 

rewrite our inequality as p? + p > 2q. Using Schur’s inequality we have that 4q < pe , so it’ll be enough 

to prove that p?+9 < p? +p? = p* >9, which is true by AM- GM. 


Problem 19 ‘Hoang Quoc Viet’ (Hoang Quoc Viet): Let a,b,c be positive reals satisfying a? + b? + c? = 3. 
Prove that 
(abc)?(a? +b? +c?) <3 


First Solution (Hoang Quoc Viet): Let 
A = (abc)?(a? + b® +c?) 
Therefore, we only need to maximize the following expression 
A® = (abc)°(a* + 6° + ¢*)? 


Using Cauchy inequality as follows, we get 


2 2 2 9 
A® = 5, (3078) (8a2c) (36%a) (36%) (8c%a) (3c) (a° + +.08)* < (8 clas Mente) 


9 


It is fairly straightforward that 
a+b+c< V3(a?4+ 0? 4c?) =3 


Therefore, 
Ae 


which leads to A < 3 as desired. The equality case happens =} a=b=c=1 
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Second Solution (FantasyLover): 
For the sake of convenience, let us introduce the new unknowns u, v, w as follows: 


u=at+b+c 
v=ab+be+ca 
w = abc 


© ho 
Now note that u? — 2v = 3 and S448 = uu? — 30) =u(° 7 ), 


— y2 


9 
We are to prove that w? (u . + 3) <3. 


b 3 
By AM-GM, we have Vabc < — re 
9— 
Hence, it suffices to prove that u’ - <> RAI as 
244+ ec b 
However, by QM-AM we have / ea 3 at > ao => us<3 
7u8(9—u?) | ' 


Since a,b,c are positive, wu cannot be 0, and the only possible value for u is 3. 
Since u < 3, the above inequality is true. 


differentiating, u achieves its maximum when 


Problem 20 ‘Murray Klamkin, IMO 1983’ (Hassan Al-Sibyani): Let a,b,c be the lengths of the sides 
of a triangle. Prove that: 
a*b(a — b) + b*c(b— c) + Pa(e— a) > 0 


First Solution (Popa Alexandru): Use Ravi substitution a = x+y, b=yt+2,c= 24+ then the 


inequality becomes : 
ae yt 
| SuUutyt+z, 


true by Cauchy-Schwartz. 


Second Solution (geniusbliss): we know from triangle inequality that b > (a —c) and c > (b— a) and 
a > (c—b) 

therefore, 

a*b(a — b) + b?c(b—c) + Pa(c — a) > a? (a—c)(a— 6) + B?(b — a)(b—c) + c2(c— b)(c— a) > 0 

and the last one is schur’s inequality for r = 2 so proved with the equality holding when a = b = ¢ or for 
and equilateral triangle 


Third Solution (Popa Alexandru): The inequality is equivalent with : 


((a—b)?(a+b—c)(b+c—a) + (b—0)*(b+c—a)(at+c—b) + (c—a)*(a+c—b)(a+b—c)) >0 
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1 2 
Problem 21 ‘Popa Alexandru’ (Popa Alexandru): Let x,y,z € E ;| . Show that : 


2 
L> Yayz+ 3 


xty+z) 


First Solution (Endrit Fejzullahu): 
By Am-Gm «+ y+ 2 > 3¥/zyz ,then 


2 
—————— 3/ < —3/ 3/ 
B@ag ya) Vo =o BME SE 

2 


1 1 2 

i =,>=| ,then = < 3 <e 

Since x,y,z € 53 sthen a= w/xyZz < 3 
2 1 2 

Let a= 3/ryz ,then a+ a <1 <= 9a7-9a+2<0 — 9(a-5) («-3) < 0 ,we’re done since 
a 

1 2 

-<a<- 

meen | 


Second Solution (Popa Alezandru): Let s=a+b+c. By AM-GM it is enough to prove that : 


s 2 
aS LAV 3) 
3 qos )( s)>0 


1 2 
The last one is true since x, y, z € E | 


Problem 22 ‘Endrit Fejzullahu’ (Endrit Fejzullahu): Let a,b,c be side lengths of a triangle,and (3 is the 
angle between a and c.Prove that 
P+ 2/3esinB—a 
a? b+e 


Solution (Endrit Fejzullahu): According to the Weitzenbock’s inequality we have 
+P +e > 43S and § = SP 
Then 
b? +c > 2vV3acsin B — a? ,dividing by a? , we have 
bP+c? _ 2/3csinB—a 

FE 


a 
b? + ¢? 2 2\/3csin B — a a 2\/3csin 3 — a 


Sincea<b+ce => 
a a b+e 


Problem 23 ‘Dinu Serbanescu, Junior TST 2002, Romania’ (Hassan Al-Sibyani): If a,b,c € (0,1) Prove 
that: 


Vabe+ fA —a)(1—b)\-—0) <1 
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First Solution (FantasyLover): 
Since a, b,c € (0,1), let us have a = sin? A,b = sin? B,c = sin? C where A,B,C € (0, =). 
Then, we are to prove that sin Asin BsinC + cos Acos BcosC < 1. 


Now noting that sinC,cosC < 1, we have sin Asin BsinC + cos Acos BcosC < sin Asin B + cos Acos B = 
cos(A—B)<1.@ 


Second Solution (Popa Alerandru): Cauchy-Schwartz and AM-GM works fine : 


Vabe + (1 — a) (1 —b) 1 — 0) = Vavoc+ VI— a1 — 6) (1-0) < 
/a+(1—a)/be+  —6) (1 —c) = /be + 1 — 0) 1-0) <1 


Third Solution (Redwane Khyaout): 


Vict Gooi-nese 2 eee 


b 1 + (1 1 
So we only need to prove that a= 2 + a+ ( 5 b)( ¢) a 


1 1 
gas > 2 which is true since a,b € [0,1] 
c 


Problem 24 ‘Hojoo Lee’ (FantasyLover): For all positive real numbers a, b,c, prove the following: 


1 


1 
I I. 1 an de 
atl + b4+1 ' cH+1 a! b + Cc 


First Solution (Popa Alexandru): Using p,q,r substitution (p =a+b+c, q=ab+bc+ca, r=abc) the 
inequality becomes : 
3(ptqt+rt+l) _ 9+ 3r 


<> pq + 2q° > 6pr + 9r 
2ptaqtr Re ae 


which is true because is well-known that pg > 9r and q? > 3pr 


Second Solution (Endrit Fejzullahu): After expanding the inequality is equivalent with : 


1 1 , 1 Sil Ege TP pie tins, oe 
a(a+1) b(6+1) ele +1)~3\a b° c/ \a+1 ° b+1 °° c+1 


This is true by Chebyshev’s inequality , so we’re done . 


Problem 25 ‘Mihai Opincariu’ (Popa Alexandru): Let a,b,c > 0 such that abc = 1. Prove that : 


ab be ca 


= +4 <1 
@2+P+/e' P+ Q+Va' 2@+a24+Vo~ 
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First Solution (FantasyLover): 
We have a? + 6? + ./c > 2ab+ /ce= ae 


Hence, it suffices to prove that SS aE 


aier eT = eae 


Reducing to a common denominator, we prove that 


> 1  —— A(ar/a + bvV'b + ee) + abVab + bev/be + cay/ea + 12 
ae 2+aV/a  A(a/fa+bvVb+ eve) + 2(abVab + beVbc + car/ea) +9 ~ 


Rearranging, it remains to prove that abVab + bev/bc + ca,/ca > 3. 
Applying AM-GM, we have abVab + beVbe + ca/ca > 3 Vv a2b2c2,V/a2b2c2 = 3, and we are done. Ml 


Second Solution (Popa Alexandru): 


LHS < Lae Se Fy —— < RES 


Ty 


Problem 26 ‘Korea 2006 First Examination’ (FantasyLover): x,y,z are real numbers satisfying the condi- 
tion 3a + 2y+ z= 1. Find the maximum value of 
1 1 ; 1 
1+ 2) 1+|y| °° 1+{e| 


Solution (dgreenb801): 

We can assume x,y, and z are all positive, because if one was negative we could just make it positive, which 
would allow us to lessen the other two variables, making the whole sum larger. 

tes 32 = a 2y = oie =c, thena+6+c=1 and we have to maximize 


a3. O49 
povetaas 


c+1 


3 1 a“c + ac* + bac + 6c 
+1 + = > 
at+te+3 a+3 c+l (a+ 3)(e+ 1)(at+ct+3) 
So for fixed a+ c, the sum is maximized when c = 0. 

We can apply the same reasoning to show the sum is maximized when } = 0. 


So the maximum occurs when a = 1, b= 0, c= 0, and the sum is ae 


Problem 27 ‘Balkan Mathematical Olympiad 2006’ (dgreenb801): 


1 1 1 3 
> 
ad sb) babe) ea) — Tobe 


for all positive reals. 
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First Solution (Popa Alexandru): 
AM-GM works : 


1+abe+a+ab l+a b(c + 1) 3 3 
1+abce) LHS +3= ————————— = + > + 3Vabc > 6 
( ae oy a+ab dara ye b+1 ~ Wabe Wee 


Second Solution (Popa Alexandru): Expanding it is equivalent with : 
ab(b + 1)(ca — 1)? + bc(c + 1)(ab — 1)? + ca(a + 1)(be — 1)? > 0 


Problem 28 ‘Junior TST 2007, Romania’ (Popa Alexandru): Let a,b,c > 0 such that ab+ be+ ca = 3. 


Show that : 
1 1 1 1 


t < 
1+a2(b+c) 14+0%(c+a) 1+c?(a+b) ~ abe 


First Solution (Endrit Fejzullahu): Since ab+ bc+ ca=3 = > abc<1 
Then 1+ 3a— abc > 3a 
Then 


3 1 <i Ea sice _ab+be+ca 1 
1+3a—abe—3\a bc) 3abc ~~ abc 


Second Solution (Popa Alexandru): Using abc < 1 and the condition we have : 


1 i 1 
Y ipwere <a * Dae <!* Diggs <!* Ligece 8 DGS! 
re ore) t+a(z +a 


cyc abe cyc (G+ cyc cyc 


Problem 29 ‘Lithuania 1987’ (Endrit Fejzullahu): Let a,b,c be positive real numbers .Prove that 


a® rd b? di oa at+b+e 
az+ab+b0? b+be+c ct+cata? ~ 3 


First Solution (dgreenb801): By Cauchy, 
4 


S- a = S- a ae (a + b2 + Cc ) 

a2 +ab+b? — a® + a2b+ ab? ~ a3 + 63+ c3 + a2b+ ab? + b?c + be? + c2a + ca? 
This is > i 
(a* + b4 + c4) + 2(a2b? + b%c? + c2a”) > (a3b4+ abc + bat b8c + c8a + c3b) + (a%bc + ab*c + abc’) 
This is equivalent to 

(a? + b? + c”)(a? +b? +c? — ab — be — ca) > 0 
Which is true as a? + b? +c? — ab—be-—ca>0 <> (a—5b)? + (b—c)? + (c—a)? >0 


Second Solution (Popa Alexandru): 
Since : 
a? — 63 
=a-—b 
a? + ab + b? 
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and similars we get : 


ee ee ye 
a2 +ab+b2 — az+ab+b2 2 a2 + ab + b2° 


cyc cyc cyc 


Now it remains to prove : 


1 a+b m a+b 
2 at*tab+b?— 6 
which is trivial . 
Third Solution (Popa Alexandru): We have : 
Vase Dea aS 
a2 +ab+b2 — az+tab+b2 2 a2 + ab+ b2 


cyc cyc cyc 


Then we need to prove : 
3478 
>¥ a’? +b sre 
2 a? +ab+ 0b? 3 


cyc 


We have : 


aye a® + b8 sity a® + b3 GO 
2 a2 + ab+ b2 3 oe a2 + ab+ b2 3 7 


cyc 


>0 
3(a? + ab+ 6?) ~ 


1 ys 3a? + 30° — a? — a?b — ab? — b® — a?b — ab? wd s 2(a — b)?(a + b) 
2 3(a? + ab + 6?) 2 ae 


cyc 
Fourth Solution (Mohamed El-Alami): We have : 


ee 
az+ab+b2 — az+tab+b2 2 a2 +ab+ b? 


cyc cyc cyc 


Since 2(a? + ab + b”) < 3(a? + b?) we have : 


a® +03 a® +b? at+b+e 
LHS = > > 
2 y 2(a? + ab+ 6?) ~ Ds 3(a? + 6?) ~ 3 


cyc 


Problem 30 ‘—’ (dgreenb801): Given ab + bc + ca = 1 Show that: 


2 2 2 2 2 2 
VJ3a2 +8 , 3b +e | V3 + 4 LKs 


ab be ca 


Solution (Hoang Quoc Viet): 
Let’s make use of Cauchy-Schwarz as demonstrated as follows 


/ (3a? + b?)(3 + 1) S 3a +b 
2ab ~ 2ab 
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Thus, we have the following estimations 


ye el: 1 =) 
a 


cyc 


Finally, we got to prove that 


1 
Ylews 
a 
cyc 
However, from the given condition, we derive 
1 
abc < —— 
~ 3V3 
and 
1 3/ lL 
do - 2 34/2 3v3 
a abc 


Problem 31 ‘Komal Magazine’ (Hoang Quoc Viet): Let a,b,c be real numbers. Prove that the follow- 
ing inequality holds 
(a? + 2)(b? + 2)(c? + 2) > 3(a+ b+)? 


Solution (Popa Alexandru): Cauchy-Schwartz gives : 


(a+b)? +2) 


No] 


1 
(a? + 2)(b° +2) = (a? +11 +b") +a? + 0° +3> (a+b) + 5(at bP +3= 


And Cauchy-Schwartz again 


(a? + 2)(b? + 2)(c? +2) > S((a+ 8)? + 2)(2+ ¢*) > (v3 + b) + V2c)? = RHS 


Problem 32 ‘mateforum.ro’ (Popa Alexandru): Let a,b,c >0 anda+b+c=1. Prove that : 


a b c 1 
| ! > 
Ve2+3c Ve2?+3a = Va?+3b7 V143abc 


Solution (Endrit Fejzullahu): 
Using Holder’s inequality 


2 
a 
BSH) Vall? +30) 2 a+ b4+0)% =1 
(x Vb2 + =) Be 


It is enough to prove that 
1+ 3abc > S- a(b? + 3c) 


cyc 


Homogenise (a+b+c)?=1, 
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Also after Homogenising SS a(b? + 8c) = a7b+ Be+c?a4+ 9abe+ 3 ss a*b 
cyc sym 

(a+b+c)? = a+b? +03 + 6abe+3 5° 07d 

It is enough to prove that F 

a&@+h+3>a2b+be+cCa 

By AM-GM 

a® + a® + b° > 3a2b 

b+ b8 +c > 3b7c 

Cae a S360 

Then a? +b? +c? > a2b+b?e+ Ca ,done 


Problem 33 ‘Apartim De’ (Apartim De): If a, b,c,d be positive reals then prove that: 


aw+h P+ e+d? ,/ 04a 


> 
Ge “hed ads Gard) 


Solution (Aravind Srinivas): 
(Gees 
Gyre 


cation of Jensen’s as the function for positve real ¢ such that f(t) = 


: 2 
(= i) 44 
Thus, we get that LHS > ~———_4—___ 


Write the LHS as + two other similar termsfeel lazy to write them down. This is a beautiful appli- 


ea peor 
a is convex since | —— ] >0O. 
t+1 t+1 


~¢- 243 
I would like to write ; feat 7 = K for my convenience with latexing. 
c 
Ky2 9 
3) +1 K+ez 
erie Dis TK > an 
K+3 Let l+z 
This is from K + — > 6 by AM GM 
1 
3 
Now K = ¢—£>3(<) by aman. 
a 
1 ak 
1 1 ai ha 
Thus, we have 7 i ie a 7 ( a ) 
KE a3+d3 aos 3 at+d 
Problem 34 ‘—’ (Raghav Grover): If a and b are non negative real numbers such that a > b. Prove 
that i 
> 
a+ ba —b) = 3 


First Solution (Dimitris Charisis): 
If a > 3 the problem is obviously true. 
Now for a < 3 we have : 
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a2b — ab? — 3ab + 3b? +1 > 0 <=> ba? — (6? + 3b)a + 302 +1>0 
It suffices to prove that D < 0 ==> b* + 6b? + 9b? — 12b3 — 4b ==> b(b— 1)?(b — 4) < 0 which is true. 


Second Solution (dgreenb801): 


1 
———_ =} —b 
OF act) +(a—6)+ 
Third Solution (geniusbliss): 
since a > b we have § > \/b(a — b) square this and substitute in this denominator we get, 


8a. 2 5 ay Aue aiden 


__*__ > 3 by AM-GM 
abo oe 


Problem 35 ‘Vasile Cirtoaje’ (Dimitris Charisis): 
(a? — be) Vb+ c+ (8? —ca)/e+a+ (c? — ab)Va+b>0 


First Solution (Popa Alexandru): Denote ath =x”,... , then the inequality becomes : 
De xy( x? + y?) )> So a’y xy (a@+y) 
cyc cyc 


which is equivalent with : 


So ay(a + y)(@—y)? > 0 


cyc 


Second Solution (Popa Alexandru): Set A = b+ c and similars . Therefore the inequality rewrites to 


A(a? — bc) + B(b* — ca) + C(c* — ab) > 0 
We have that : 


2S ° A(a? — be) = S> Al(a— b)(a +c) + (a-o)(a t+ d)] = 


cyc cyc 


= )> A(a-b)(a+e)+ 5° B(b-a)(b+ 0) =} (a—b)[A(a +c) - B+ 0] = 


cyc cyc cyc 


_ A?(a+ c)? — B2(b+c)? —w(a b)?(a+c)(b+c¢) 
=D i(e-8) A(a+c)+ Bib+c) = A(a+c)+ B(b+c) ee 


Problem 36 ‘Cezar Lupu’ (Popa Alexandru): Let a,b,c > 0 such that + + i + + = Vabc. Prove that: 


abe > \/3(a+ 6+) 
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Solution (Endrit Fejzullahu): 

t+;¢+24 = Vabe <> ab+be+ca = abeVabe 
By Am-Gm 

(ab + be + ca)? > 3abc(a + b +c) 

Since ab + be + ca = abc Vabc, wehave 

(abc) 3? > 3abc(a+b+c) = > abe> /3(a+b+4+c) 


Problem 37 ‘Pham Kim Hung’ (Endrit Fejzullahu): Let a,b,c,d be positive real numbers satisfying 
a+b+c+d=4.Prove that 


1 ie Ge cl n Te of 
llt+a2 114+ ° 114+ ' 114+d2~— 3 


First Solution (Apartim De): 
f(z) = 


11/11 
If rey 0 
x ( \/ BR) re) 
a : /ll /il : eee : 
Thus within the interval (- 3° 3) , the quadratic polynomial is negative 
: ” ; cate 11 11 
thereby making f”(x) <0, and thus f(x) is concave within | — Bras Veer en be 


Leta<b<c<d. Ifallofa,bcde (0. 3): 


Then by Jensen, f(a) + f(b) + f(e) + f(d) < 4f (eee) =47 (1) = < = : 
‘ = aS r itive x 
f(#)= Gi Ta < 0 (for all positive x) 


11 
At most 2 of a,b,c,d(namely c& d) can be greater than 4/ 3 


In that case, 


F(a) + 100) + Ho) + H(4) < Fla=1) + FO—1) + Hle~8) + H(d = 8) < af (SP EEAES) apr) 


QED 


Second Solution (Popa Alexandru): Rewrite the inequality in the following form 


or equivalently 
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Notice that if (a,b, c,d) is arranged in an increasing order then 


GaN. OAD Ol nd el 
@+ll~ B+ll~ @+ll~ @+i1 


The desired results follows immediately from the Chebyshev inequality. 


Problem 38 ‘Crux Mathematicorum’ (Apartim De): Let R, r, s be the circumradius, inradius, and 
semiperimeter, respectively, of an acute-angled triangle. Prove or disprove that 


s* > 2R? + 8Rr + 3r? 
When does equality occur? 
Solution (Virgil Nicula): 
a+b? +c? =2-(p?-r?—4Rr) (1) 
49 = (b? +c? —a?)- tan A (2) 


Proof. I’ll use the remarkable linear-angled identities . There- 
sin2A+sin2B+sin2C = 33 (3) 


cosA+cosB+cosC=1+% (4) 


fore, 
> 3 A cos? A C.B.S. (So cos A)? (3)a(4) (1+ =). 
2 => b? ee 2) 4S. ) ue — . y > pe = : R = 
o eae) e sin A BD sin2A ~— yo sin2A ee 25 


=4(R+r)? =| +042 >4(R+r)? AGS 2:(p* —1r* —4Rr) > 4(R+r)? ==> |p? > 2R? 4+ 8Rr t+ 3r*]. 


Problem 39 ‘Russia 1978’ (Endrit Fejzullahu): Let 0 < a < b and 2; € [a, b].Prove that 


1 1 1 2(a +)? 
(ay + tg +... + 2p) + bet gis 
Ly 2X2 Ln 4ab 
Solution (Popa Alexandru): 
We will prove that if a1, a2,...,dn € [a, b](0 < a < b) then 
1 1 1 b)? 
(a1 +a9+-+-+an) fees eed) 3 
a, a2 Gn 4ab 
1 1 1 n 
P= (a1+ap4+-++ ay) ( + pet )=(E+2+- ie )(Z fe +45) < 
a, a2 An co c/\a, ae an 
2 
1 fa, Cag Cc Gn Cc 
< ( p— pp feet ) 
4A\e ay c a2 c an 


26 


Function f(t) = - c+ have its maximum on [a, }] in a or b. We will choose c such that f(a) = 


Then f(t) < f2s i Then 


ren ( fini) dese 


Problem 40 ‘Vasile Cartoaje’ (keyree10): a,b,c are non-negative reals. Prove that 


8labe - (a? +b? + 


Solution (Popa Alexandru): 


8labe(a? + b? +c?) < 27 


(ab + bc + ca)? 


ce?) <(a+b+e) 


+ ca) 


By p,q,7r the last one is equivalent with : 


at+bt+e 


p® — 27q°p? + 54q? > 0 © (p* — 3q)? > 0 


Problem 41 ‘mateforum.ro’ (Popa Alexandru): Let a,b,c > 0 such that a? + 63 +3c=5. 


y eee cr 
2c 2a 


Solution (Sayan Mukherjee): 


(ote stitet 
2b ~a b ¢€ 


a+14+14+03 +1414 3c=9> 3a4+ 304+ 8c = at+b+c<3(AM-GM) 


Also abe < obi = 1(AM-GM) 


Applying CS on the LHS; 
a _ 1 
SS (a+b+c) bs ~) 


1 
It is left to prove = S- —> by a 
a 


But this => a >3 
Which is perfextly “4tue, as from AM-GM on the LHS; 


1 1 
et agg (te < 
) 7 238 5 > 3[ abe < 1] 


Qoc 


2 


7 


(a? +6? +0") <(a+b+e)° 


f(b),c = Vab. 


Prove that : 


Problem 42 ‘Sayan Mukherjee’ (Sayan Mukherjee): Let a,b,c > 0 PT: If a,b,c satisfy Ss = 


=i co ene 
Then we always have: 
=o, 
ae +2~ 3 


Solution (Endrit Fejzullahu): 


1 1 1 1 
$4 a? +1 > 3a? $4 a> +143 > 3a? > =>) 
a+a°+1> 3a" = a’ t+ar+ +3230 +3 => Fa) = Het) 3A 


Q 
w 

+ 

i) 


Problem 43 ‘Russia 2002’ (Endrit Fejzullahu): Let a,b,c be positive real numbers with sum 3.Prove 
that 


Vat+vVb+ Ve>ab+be+ca 


Solution (Sayan Mukherjee): 

2(ab + be + ca) = 9 — (a? +B? +c”) 
asa+b+c=9. Hence the inequality 
=> 2S0 Va>9-(a? +0? +0’) 
=> So(@? + Vat Va) >9 
Perfectly true from AGM as : 

a? +/a+/a > 3a 


Problem 44 ‘India 2002’ (Raghav Grover): For any natural number n prove that 


1 2 1 1 1 1. 1 
2 n?+1' n2?4+2°°°' n24+n— 2° Qn 
Solution (Sayan Mukherjee): 
3 k 55 Ke yerk __3(ré+n) 1 
tk = RE LT e+ kh? 2(8n? +2n+4+1)~ 2 


As it is equivalent to :3n? + 3n > 3n?4+2n+1— n>1 
For the 2nd part; 


k 
ee ee sie Sees 


result. 


1 
; and then use AM-HM for S- —,—— So we get the desired 
n 


2+k 
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Problem 45 ‘—’ (Sayan Mukherjee): For a,b,c > 0;a? +b? 4+ c? =1 find Pin if: 


252 
P=)0—> 


cyc 


Solution (Endrit Fejzullahu): 


b b 
Let x = aa and: = = 


c a 
Then Obviously By Am-Gm 
ga +2? > sy +yezt+er se? +h +e =1 then Pan = 1 


Problem 46 ‘Pham Kim Hung’ (Endrit Fejzullahu): Let a, b,c be positive real numbers such that a+b+c = 3 
.Prove that 
2 b2 e 


' 6+ 2a2 — 


a 
a+2b2 ° b+2c2 


Solution (Popa Alexandru): We start with a nice use of AM-GM : 


at2b2 — a+ 2b? ~ q@+ 2b? a+ 2b? — 


a? a” + 2ab* — 2ab? — a(a + 26) 2ab? 2 aap 


a 


Suming the similars we need to prove : 


Va2b2 + Vb2c2 + Vea < 3 


By AM-GM : 


2ab+1 1 
So are? < S° = =} (22 a+) <2erabrterens9e Mab bet on) < (a4 beF 


cyc cyc cyc 


Problem 47 ‘mateforum.ro’ (Popa Alexandru): Let a,b,c > 0 such that a+b+c¢ < 3 . Prove that 


Gi b he ae b a c 
b+e ct+ta a+b” (b+c)? (c+a)? (a+b) 


Solution: 
WLOG a>b>c 
Then By Chebyshev’s inequality we have 

1 

HAS >-.--LHS. 

REO? 3 e € tb -) 
It is enough to show that 
J >3 


+ + 2 
a+b b+c cta 
By Cauchy Schwartz 
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a ee Ee = $e es aGapned® ao 
a+b b+c cta™ 2(a+b+c) ~ 4 peop nS 


Problem 48 ‘USAMO 2003’ (Hassan Al-Sibyani): Let a,b,c be positive real numbers. Prove that: 


(2a+ b+) (2b+a+c)? (2e+a+b)? 
| <8 
2074+ (b+c)? 2b?+ (atc)? 2+ (a+b)? — 


Solution (Popa Alexandru): 
Supposea+b+c=3 
The inequality is equivalent with : 


(a+3)? 
2a? + (3 — a)? 


(b+ 3)? (c+ 3)? 
2b? + (3 — b)? ° 


< 
267 (3)? <8 


For this we prove : 
(a+3)? e 4 
2a2+(3-—a)? ~— 3 


4 
a+s & 3(4a+3)(a—1)? > 0 


done. 


Problem 49 ‘Marius Mainea’ (Popa Alexandru): Let x,y,z > 0 such that «+ y+ 2 = xyz. Prove 


that : 
c+y 


yt2z Ba 27 
1+ 2? 


og? Ps ge ~ Qryz 


Solution (socrates): Using Cauchy-Schwarz and AM-GM inequality we have: 


e+y yte2 2te (ety)? (y +z) (a+e)? 5 (ety+yt2 +(e +2)? _ 
l+z22 l+a* lty? aetyt(aty)e? ytet(ytzja? z+at(zt+a)y? ~ AWe+yt+z)+>d¥>r2(y+2) 


a ne |: 
8 (atyt+z)? 2Bxyz 


Aetyt2)?  _ A@tyt2) oy ay), 
Qeyzt+ >i a2(y+z) [](xt+y) 2 ala t+y +z) 


Problem 50 ‘—’ (socrates): Let a,b,c > 0 such that ab+ be+ca=1. Prove that : 


abc(a + Va? +1)(b+ V+ 1)(c+ V241) <1 


Solution (dgreenb801): Note that Va? +1= Va? + ab+ bc + ca = \/(at+b)(a+c) 
Also, by Cauchy, (a+ \/(a+ b)(a+c))? < (a+ (a+ b))(a+ (a+c)) = (2a+ b)(2a 4+ c) 
So after squaring both sides of the inequality, we have to show 


1 = (ab + bc + ca)® > abc? (2a + b)(2a + c)(2b + a)(2b + c)(2c + a)(2e + b) = 
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(2ac + bc)(2ab + be)(2bc + ac) (2ab + ac)(2cb + ab)(2ca + ab) 
which is true by AM-GM. 


Problem 51 ‘Asian Pacific Mathematics Olympiad 2005’ (dgreenb801): Let a,b,c > 0 such that abc = 8. 
Prove that: 
a’ b? e 4 


Ja+@ +e) /GsP4+e) | (Greta) 3 


Solution (Popa Alerandru): By AM-GM : 


Then we have : 


Desh (b3 + 1) ae ELE 
So we need to prove 
S- a? si 
ae (a? + 2) (b? + = 3° 


which is equivalent with : 


, true by AM-GM 


Problem 52 ‘Lucian Petrescu’ (Popa Alexandru): Prove that in any acute-angled triangle ABC we have : 


a+b b+e Cra. 


b 
cosC cosA  cosB OS) 
First Solution (socrates): The inequality can be rewritten as 
ab(a + b) bc(b + c) | ca(c + a) >%a+tb+e) 

aw+e?—-e bP 4+Ce-a ) C+a?—b? 

or 
b? Ce 
XS “(apple + Dae? 2 Wat b+c) 


cyclic 


Applying Cauchy Schwarz inequality we get 


b? (b+ c)? 
Ta te) =) “aaa +(2 +a? — B) 


cyclic 


or 


b? c (b+ c)? 
> Ae 
ee 


cyclic 
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So, it is enough to prove that 


which is just CS as above. 


Second Solution (Mateescu Constantin): 
From the law of cosinus we have a = bcosC + ccos Band c= bcos A+acosB . 


b(cos A C 
OS 4 Fe+ nee er +c+2Rtan B(cos A+ cosC) . Then: 
ee cos B 
S- sok =2(a+b+c)+ 2RS- tan B - (cos A + cos C) and the inequality becomes: 


2RY~ tan B(cos A + cosC) > 2s a= ARS sin A 


=> S "tan Bcos A + S "tan Bcos C > 25° sin A = 2S" tan Acos A 
Wlog assume that A< B<C. Then cos A > cos B > cosC and tan A < tan B < tanC, so 
Se tan AcosA < Ss tan Bcos A and $+ tan Acos A < 5+ tan BcosC, according to rearrangement inequality 


Adding up these 2 inequalities yields the conclusion. 


Third Solution (Popa Alexandru): 


(2(a+b+c))? 
LHS > = 
Ve amb COROT. EO Gn Hee ese . 


n 


Problem 53 ‘—’ (socrates): Given £1, 2,..,2, > 0 such that S- x; = 1, prove that 
i=1 


Solution (Hoang Quoc Viet): 
Without loss of generality, we may assume that 


Ye tg 2+ 2 kn 


Therefore, we have 
na, —-1>nr.—-1>--->nr,-1 


and 
Ty x2 In 


> S dag 
ee+1 7 a3 4+17 7 «241 


Hence, by Chebyshev inequality, we get 


Problem 54 ‘Hoang Quoc Viet’ (Hoang Quoc Viet): Let a,b,c be positive reals satisfying a? + b? +c? = 3. 


Prove that 
3 b3 3 


a c 4 
22 + c2 | I? +a? | 2a2 + b2 = 
Solution (Hoang Quoc Viet): 
Using Cauchy Schwartz, we get 
S- a® (a? + b? + c?)? 
= 2 CF 2 Ql a Saya Ge 


Hence, it suffices to prove that 
ab? + bc? + ca? <3 


and 


a7b+ beta <3 


However, applying Cauchy Schwartz again, we obtain 


a(ab) + b(bc) + e(ca) < /(a? + b? + c?) ((ab)2 + (bc)? + (ca)?) 
In addition to that, we have 
(a2 +6? 4+ 0?)? 


(ab)* + (be)* + (ca)? < 5 


Hence, we complete our proof. 


Problem 55 ‘Iran 1998’ (saif): Let x,y,z > 1 such that 1 + : + + = 2 prove that: 


Vetytz>Va—-1+Ve—-1+vz-1 


First Solution (beautifulliar): 
Note that you can substitute Vaz — I = a, /y —1 = b, Vz — 1 = c then you need to prove that Va? + b? + c2 +3 > 
1 1 1 


a+b+c while you have 


ad + Bal ra ae 2 or equivalently a?b? + b%c? + c?a? + 2a7b?c? = 1. next, 
substitute ab = cos x, bc = cosy, ca = cos z where x, y, z are angles of triangle. since you need to prove that 
a? + 6? +c? +3 >a+b-+c then you only need to prove that 3 > 2(ab+bc+ca) or cosx+cos B+cosC < 5 


which is trivial. 


Second Solution (Sayan Mukherjee): 


1°21 x—1 
Boge pS. x = : 
Hence («+ y 4 ee > (> ve-1) (From CS) 


=> Jetyt+z> > Ve-1 
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Problem 56 ‘IMO 1998’ (saif): Let a1, dg,...,a@n > 0 such that ay +a2+...+@, <1. prove that 


@1.29...dy(1 — ay — ag — ... — Gn) ez 1 
(a1 + a2 +... + @n)(1 — a1) (1 — a2)...(1 — an) ~ n?-t 


Solution (beautifulliar): 


: 102... AnAn+41 Te ys 
Let an41 = 1— a, — ag — +++ — Gy the we arrive at dea) < “eel (it should be 
grt right?) which follows from am-gm a; + a2 +++: +4, > N4/A142...Gn,42 + a3 + +++ + Anti = 


N 7/4203... An41, 0, +43 +°+++ + An41 > 22/4143 ...G4,47, and so on... you will find it easy. 


Problem 57 ‘—’ (beautifulliar): Let n be a positive integer. If x1,x2,...,%, are real numbers such 
that v1 +22 +---+2, =0 and also y = max{21,%2,...,U,} and also z = min{x,,22,...,2%n}, prove that 


eet ae+---+a% 4+ nyz <0 


Solution (socrates): 


(a; — y)(a; — z) <0 W=1,2,...,n so Sa +yz)< Soy + z)x; = 0 and the conclusion follows. 
i=l i=1 


Problem 58 ‘Pham Kim Hung’ (Endrit Fejzullahu): Suppose that x,y,z are positive real numbers and 


x+y + z° = 3.Prove that 


at 4 a 


y 
Gg ger 


Solution (Popa Alexandru): 
By a nice use of AM-GM we have : 


ae ae 3 i e 
10(5+54 + 3(a® + y® + 25)? > 19( War100 + 1R/y100 4 4/z100) 
y z 


So it remains to prove : 


3+419( Vxl00 4 ¥/y100 4. W7/z100) > 20(a4> + y® + 25) 


which is true by AM-GM . 


Problem 59 ‘China 2003’ (bokagadha): x,y, and z are positive real numbers such that «+ y+ z= xyz. 
Find the minimum value of: 
ol(yz —1) + "(wz -1) + 2"(ey-1) 
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Solution (Popa Alexandru): 
By AM-GM and the condition you get 


ryz > 3V3 
Also observe that the condition is equivalent with 
yz-1l= Uae 
x 


So the 
LHS =2°(y+z)+y%(zt+2)4+ 28(e@+y) > 6¢/rl4y!4214 > 216V3 


Problem 60 ‘Austria 1990’ (Rofler): 


21/31/41 ../N <3—-—-—VN € N2? 


Solution (Brut3Forc3): We prove the generalization ifm (n+ 1)V...VN < m+1, for m+2. For 
m = N, this is equivalent to VN < N +1, which is clearly true. We now induct from m = N down. 


Assume that / (k+1)\/(kK+2).../N < k+2. Multiplying by k& and taking the square root gives 


eve +1)V...VN < \/k(k +2) < k +1, completing the induction. 


Problem 61 ‘Tran Quoc Anh’ (Sayan Mukherjee): Given a,b,c > 0 Prove that: 


ae b2 + 4bc+ ce? ~ Jatb+e 


Solution (Hoang Quoc Viet): Using Cauchy inequality, we get 


a+b 2(a + b) 8 
ye 
y b? + 4bc + c? ~ y 3(b4+c)? — ye (ane 


However, we have 


8(a+b+c)? 


(a+ b)(b+ c)(e+a) < 5 


Hence, we complete our proof here. 
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Problem 62 ‘Popa Alexandru’ (Popa Alexandru): Let a,b,c > 0 such that a+6+c= 1. Show that 


a+ab b? +bc e+ca 3 
1-— a? 1 — 62 1—-c ~4 


First Solution (Endrit Fejzullahu): Let a+b=ax, b+c=y, c+a=z ,given inequality becomes 


x x 9 
ao 


Then By Cauchy Schwartz 


8(>> z)4 9 


(e2)! z 
(Sayt+ ay 2 


FUSS aay ae Ee 


cyc cyc 


a 


Second Solution (Hoang Quoc Viet): Without too many technical terms, we have 


r+y | x x 
(Sean) Ee 


cyc 


Therefore, it is sufficient to check that 


eee 


cyc 


which is Cauchy inequality for 3 positive reals. 


Problem 63 ‘India 2007’ (Sayan Mukherjee): For positive reals a,b,c. Prove that: 


(a+b+c)?(ab + be + ca)? < 3(a? + ab + b7)(b? + be + c?)(c? + ac + a”) 


First Solution (Endrit Fejzullahu): ve got an SOS representation of : 

RHS-—LHS = (Coty +2) (ay +922? +22? ayalaty+2))+(aytyetza)(a? +y?-+2?—ay—y2—2e)) 
So I may assume that the inequality is true for reals 

Second Solution (Popa Alexandru): Since 


a? + ab +8 > “(a b)? 4 (a—by? >0 


It’ll be enough to prove that : 


81 
64 


The last one is famous and very easy by AM-GM. 


(a+)?(b+c)?(e+a)? > (at+b+c)?(ab+ be + ca)? 
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Problem 64 ‘Popa Alerandru’ (Endrit Fejzullahu): Let a,b,c > 0 such that (a + b)(b+c)(e +a) = 1 
. Show that : 


3 3 
——— b >=>12 
‘eat eee abc 


b)(b 
First Solution (Apartim De): By AM-GM, Cael flora) > abe S 
AM-GM, 
(a+b) + (b+c)+(ct+a)>3 
&(a+b+c)>->- 
2 3 — -——>> — 
Lemma:We have for any positive reals x,y,z and vectors MA, MB, MC 


2 
(«MA +yMB+zMC) >0 
<> (e+ y+ z)(eMA* + yMB? + zMC”) > (xyAB? + yzBC? + zaC A’) 
Now taking « = y= z= 1 and M to be the circumcenter of the triangle with sides p,q,r such that pgr = 1 
, and the area of the triangle=A, we have by the above lemma, 

2 
9R2 > p+qt+r? > 3(pqr)? =3 6 3R2>14 16A? <3 


= (ptatr)(p+a—r(qtr—p)(r+p—4q) <3 
Now plugging in the famous Ravi substitution i.e, 
p=(atb);q=(b+o);r = (c+a) 


= (a+b+c) 


Col rR 
w 


_e 
~ 16abe 
Second Solution (Popa Alexandru): Remember that 8(a + b+ c)(ab+ be + ca) < 9(a+ b)(b+ c)(c+ a) 


and a+6+c> ./3(ab+ bc + ca) So 


> (a+ b+c)(ab+ bc+ ca) > (ab + be + ca)\/3(ab + bc + ca) 


lo oh Ko) 


1 
S ~ > 3(ab + bc + ca)? & ab+be+ca< 


ml cw 


Now we use : 


9 3 
3abc(a ++ b +c) < (ab+ be+ ca)? < — > —— >atbte 
16 16abe 


For the second recall for : 
(at+b+eP >a2++2+3(a+b)(b+c)(c+a) 


So 
(atb+ch>@4+h4+3 


Now Muirhead shows that : 


8(a? +b? +. c*) > 3(a + b)(b+ c)(c+a) Sa ++ > 


Co| Ww 


There we have : 


3 
(atb+c)?> +3eatb+e2 5 


Co| Ww 


For the last one by AM-GM we have : 
(a+ b)(b+c)(c +a) > 8abc > Babe < 1 


and the conclusion follows , done. 
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Problem 65 ‘IMO 1988 shortlist’ (Apartim De): In the plane of the acute angled triangle AABC, L 
is a line such that u,v, w are the lengths of the perpendiculars from A, B,C respectively to L. Prove that 


u’?tanA+v7tan B+ w?tanC > 2A 


where A is the area of the triangle. 


Solution (Hassan Al-Sibyani): Consider a Cartesian system with the x-axis on the line BC and origin at 
the foot of the perpendicular from A to BC, so that A lies on the y-axis. Let A be (0,a@), B(—G,0), C(7, 0), 
where a, 3,y > 0 (because ABC is acute-angled). Then 


a 
tan B= — 
é 
tanC = — 
Y 
tan A = —tan(B+C)= - 
here tan A > 0,s0 a? > By. Let L have equation xcos@ + ysin@ + p =0 
Then 
u- a A oe tan B+w? tanC 
a(B+¥ : 2, @ 2,4 2 
= ———(asind + p)* + —(—fcos6 + p)* + —(ycos0+ p 
aoe ae )? + 2 (e088 +7) 
=a’ sin? 6 + 2apsin6 4 pee + a((3 + 7) cos? 6 + ey 
ox a(@ +7) 2.2 | : 2 - 2 2 2 
= Bae = Ba) (a“p* + 2apBysin @ + a“ Bysin* 6+ By(a“ — By) cos* 0) 
a(B + 


7 Ft llap + bysin6y? + By(o2 — By)] > a(B +7) =2A 


with equality when ap+ Gysin 6 = 0, ie., if and only if L passes through (0, 8y/a), which is the orthocenter 
of the triangle. 


Problem 66 ‘—’ (Hassan Al-Sibyani): For positive real number a, b,c such that abc < 1, Prove that: 
b 
pcan Sieh a 
boc oa 


Solution (Endrit Fejzullahu): It is easy to prove that 


a b cy atbte 
be a. Sahe 


and since abe < 1 then § + 2 +£>a+b+c ,as desired . 


Problem 67 ‘Endrit Fejzullahu’ (Endrit Fejzullahu): Let a,b,c,d be positive real numbers such that 
a+6+c+d=4.Find the minimal value of : 


4 


De (b+ 1)(c+1)(d+ 1) 


cyc 
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Solution (Sayan Mukherjee): From AM-GM, 


at b+1 ctl d+l 4a 
P= laryeepacnt io “io 6 j2x|¥| 


cyc cyc 


at atb+ce+d 3 3 
=> leases? D Th 


cyc 


at 4 6 3 #1 
Ol ecniceancean ce Le eS 


cyc 


So Pmin = 


Nl rR 


Problem 68 ‘Sayan Mukherjee’ (Sayan Mukherjee): Prove that 


Mi 1 
ee >0 
ae eer, 3 eas 


cyc 


Solution (Toang Huc Khein): 
x xv x 1 
— 5 <> ss SS Lae a ae aoe ae ee nm 
igpae § Lepsepee * Lietyty q ROCetee ae Te ee (x+y +2) 
S(@ -1(@ +2) >0 


Problem 69 ‘Marius Mainea’ (Toang Huc Khein): Let x,y,z >0 with a+y+2=1. Then: 


2 oF. 2 
iT ye yaa za ey 4 
ure+an yrty zz 
First Solution (Endrit Fejzullahu): 
a? yz r+ yz 
+n xr+ 4 


Inequality is equivalent with : 


By Cauchy-Schwarz inequality 


And 


3 Yes (xy + yz + 22)? (xy + yz +20)? . 3 


— <> (ayt yet 22) > 32yz 


oa arta” a yzt+ yraz t 22ay + 3xyz Aryz — 4 


This is true since x + y+ z= 1 and (xy+ yz+ zz)? > 38ryz(a2 + y4+ 2) 


Second Solution (Endrit Fejzullahu): Let us observe that by Cauchy-Schwartz we have : 


SE sy ee (a + y)(a“ + z) = 3 eg lod) a2 
cyc e+e cyc x(a + 1) cyc x(a +y+x+z) cyc —— L+z 3 


Then we can conclude that : 


Problem 70 ‘Claudiu Mandrila’ (Endrit Fejzullahu): Let a,b,c > 0 such that abc = 1. Prove that : 


qi pio cid a b? co 
T 


+ + pS + 
b+te cta atb” W4+ce0 +a art 


Solution (Sayan Mukherjee): Since abc = 1 so, we have: 


qi0 ai 
Gre ReGea 2 a ae -(b+c) 


So we are only required to prove that: (b +c)? < 2b" + 2%" 
But, from Holder; 

aly 6 
(b” + c’)7(1+1)7 > b+ c Hence we are done 


Problem 71 ‘Hojoo Lee, Crux Mathematicorum’ (Sayan Mukherjee): Let a,b,c € R*;Prove that: 


First Solution (Endrit Fejzullahu): Inequality is equivalent with : 


((a+b+c)(a? +b? +c”) — 9abc) ((a — 6)? + (b— c)? + (c—a)”) > 0 


Second Solution (Popa Alexandru): 


2 b2 2 1 b 
EHS HAUG aoe a ee No See >0 
be ca ab (a c?) 
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Problem 72 ‘Cezar Lupu’ (Endrit Fejzullahu): Let a,b,c be positive real numbers such that a +b+c¢> 


e+ 24, Show that : 
3 


arc bea 


ob 


bB(c+a)  cla+b) 


Ms a(b +c) 


ae 


First Solution (Sayan Mukherjee): Observe that a+b+e > ¢+2+£ > 3 (1) from AM-GM. Also 
from rearrangement inequality: 
a; b;c a; b;c a b cia. bee 
rs] [mrs] > $4 eA ; 
vaca c’a’b c a c a 
- (2) 
Hence we rewrite LHS of the inequality in the form: 
2 2 2 
S- a é -y~ > 3 ee”) fy (ae = OOo). 8 
cyc b(a + c) "ae cyc a + Cc aoe c + Dae b 2S aye b 2 2 


(From (1) (2)) 
QED. 


Second Solution (Popa Alexandru): Holder gives : 


a®c b 
7". 9 b es 
2 Kea) (a+ +o(F+2 


Therefore we have : 


a 


(a+ b4 


So: 


(net) ast) 


It’ll be enough to prove that : 


2 ee a 
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1 
By contradiction method we assume that S- i < S- 4 which is equivalent with S- ab? < S- a. Suming 
cyc cyc cyc cyc 
this with the condition ae a> a. . we will have that 


cyc cyc 


2 2 2 
2 | 2 | 24 
sDaae(> T *) T u(c T *) T o(a T =) 


2 1 1 1 
But using AM-GM as x? 4 = 7’ 4 > 3f/a2-—.- 
x x x 


contradiction . 


= 3, we get 3(a+ b+ c) > 3(a+b+ 0), 


Problem 73 ‘Popa Alexandru’ (Sayan Mukherjee): For z,y,z >0 anda+y+z=1 Find Phin if: 


3 3 3 
f= ah Yy 2 


eee Sey” aie e 


Solution (Zhero): 


(32-1) >0 => 


1 3 
>u4 r Adding these up yields that the RHS is > 1 — mA 


Ble 


(1— a)? 


Problem 74 ‘Hlawka’ (Zhero): Let x,y, and z be vectors in R”. Show that 


ety talt lol+ bl +lel2 etult ly tel +le+al 


First Solution (Dimitris Charisis): I will solve this inequality for x,y, z € C. 
First observe that |a + y + 2|? + ||? + |y/? + |z/? = |atyl? +ly+ 2]? 4+ |2+2/? 
To prove this just use the well-known identity |z|? = z- Z. 

Then our inequality is: 

jatytz)? +|2? +lyl? +2? +2(/e+y+ 2l)(l2|+ lal t+ lzl)+leyltlyzl+|e2| = Vo le+yl?+2>0 ety || yt 
From | 1| we only need to prove that: 

(la + y + 2|)(\x| + [yl + zl) + ley] + lyz| + |22| = |e + gly + 2| 

But |(c7 + y)(yt 2)| = ly(a+yt 2) +22] < ly(e@t+y+ z)| + lyzl. 

Cyclic we have the result 


eR 


Second Solution (Popa Alezandru): Use Hlawka’s identity : 


(Ja| + |] + Je] — |b + ¢| — Je +a] —|a+ | 4 |a+ b+ cl) - (Ja]+ |b] + lel +]a+b+e]) = 


= (lb|+]e|—|b+e))-(lal—lb+e|+|a+b-+¢)+( 


and the conclusion follows . 


c|+|a|—|c+a])-(|b]—|c+a|+]a+b+c|)+(\a|+|b|—|a+d])-(|c]—|a+d|+]a 
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b+cl) > 0 


Problem 75 ‘Greek Mathematical Olympiad’ (Dimitris Charisis): If x,y,z € R so that x? + 2y? + 2? = 
2a?,a > 0,prove that 


jr—y+tzl\<a 


Solution (Popa Alexandru): The inequality is equivalent with : 


a? >a? ty? + 27 — Qyz — Qay + Qee 


Since the condition this rewrites to : 


which is equivalent with : 


Problem 76 ‘Vasile Cirtoaje and Mircea Lascu, Junior TST 2003, Romania’ (Hassan Al-Sibyani): Let 
a, b,c be positive real numbers so that abc = 1. Prove that: 
3 6 
> 
~ ab+ac-+ be 


‘a+tbt+c 


First Solution (Endrit Fejzullahu): Given inequality is equivalent with : 


36(a+b+c)? 
(a+b+c+3) 


ab+ be+ca > G(a + b+) 


= (ab+b aes 
~a+b+ct+3 kab be ca)" 


By the AM-GM inequality we know that : 
(ab + be + ca)” > 3abe(a +b +c) = 3(a+b+4+ 0c) 


It is enough to prove that 


36(a+ b+)? 


(atb+c+3)2 => (a+b+¢—3)? >0 


3(at+b+c)> 


1 1 
Second Solution (Dimitris Charisis): Setting a = —,b = —,c = — we have to prove that: 
xv z 
3 6 
> 
a ea ~ oer 


But 


> 

xy tyz+zn ~ (wxtyt+z)? 
So we have to prove that: 
6 


1+ 


> . 
(@tyt+z)? “etytz 
Now setting «+ y+z=k, the inequality becomes: 
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(k — 3)? > 0 which is true. 
Third Solution (Popa Alerandru): We have 

(ab + bc + ca)” > 3abe(a +b +c) = 3(a+b+4+¢c) 
Then 


Bas os A 2 > is 
a+b+c7~ (ab + ac+ bc)? ~ ab+ac+t bc 


Problem 77 ‘Vasile Pop, Romania 2007 Shortlist’ (Endrit Fejzullahu): Let a,b,c € [0,1] . Show that 


a b c ee 5 
l+be’ 1l+eca’ 1+ab' ees 
Solution (Dimitris Charisis): 
be < abc 
So ae 7 
1+bce~ 1+ abe 
a a+b+c 


cyclic we have that S- fade ae abe 
So our problem reduces to: 


b 5 
ee ee ~J1). Buta+b+c<abce+2 
1+ abc 2 
Because: 


(1—ab)\(1—c) >0<—}1-c—ab+abe> 0 =} 24+ abce> ab+cH+1. 

So we have to prove that ab+c+1>a+b+c 

But (a—1)(b—1) > 0 =} ab—-—a—-b641250S ab4+1>a+bSabt+c4+l1l>at+b+c 
a+b+c . abc+2 1 


So < =14 
1+ abc abc + 1 abc + 1 
Finally our inequality reduces to: 
t abe < =. 
ae 8 


Setting abc = x < 1 we have: 
—_ 44 < - => 22? —2-1<0 <> (x —-1)(22 4+ 1) < 0 which is true. 


x+1 2 

Problem 78 ‘Greek 2004’ (Dimitris Charisis): Find the best constant M so that the inequality: 
ai tytt+ 2At+ayz(aty+z) > M(cytyzt+ 22) 

for all x,y,z ER. 


Solution (Endrit Fejzullahu): 
2 
Setting « = y= z=1 ,we see that M < 3 .We prove that the inequality is true for M = 


wl re 


2 
u+y f 2h + aya(e+y +2) 2 Z(ey + yz + 22)’ 
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After squaring (xy + yz + zx)? on the RHS ,Inequality is equivalent with : 


atytt+2A4+2(ctty* +24 — (ay)? -— (yz)? — (z2)?) > zyz(a + y +2) 
It is obvious that x* + y* + z4 > (ay)? + (yz)? + (zx)? ,so it is enough to prove that : 
at +y*+ 24> ayz(et+y+z) 


vit y* +24> (xy)? + (yz)? + (za)? > a yz + cy2z4+ yz? = vyz(a+yt+z) 


The last one is true ,setting ry = a, yz = b, za = c ,it becomes a? + 6? + c? > ab+ be + ca ,which is trivial 


Problem 79 ‘Dragoi Marius and Bogdan Posa’ (Endrit Fejzullahu): Let a,b,c > 0 auch that abc = 1, 
Prove that : 
a(bo+0)+ Pa? +0°)+(b? +a") > X(atb+c) 


Solution (Sayan Mukherjee): 

Lemma: 

Note that 

a’ +a? +a°+b°+b° > 3a°b? 

a® +a°+b° + 0° +0° > 3a7b3 

Summing up; 

a? +b? > a?b?(a+ b) 

So LHS = S- a?(b° +c?) > a®b?c?(e +b) = 2(a +b +c) from abe = 1 and our lemma above. 


Problem 80 ‘Russia 1995’ (Sayan Mukherjee): For positive x,y prove that: 


1 x Yy 


> . 
a es oe! aM ceca 


Solution (FantasyLover): 
By AM-GM, we have x* + y? > 2a7y and 2? + y* > 2zy?. 
x Yy x Yy 1 
Hence, tp ea < Dury ep = a and we are done. 


Problem 81 ‘Adapted after an IMO problem’ (FantasyLover): Let a,b,c be the side lengths of a trian- 
gle with semiperimeter of 1. Prove that 


2 
1 <ab+bc+ca—abe< 7 


Solution (Sayan Mukherjee): Since a,b,c > sides of a triangle; write: 
a=x“+y;b=y+2zc=24+2s80 thatr+y+z=1 
The inequality is equivalent to : 
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2 2 
1<5/(1-2)(1-y)-[][ (e+) < = => 1 < 3-2) 9+ ayz =1+ay2 < 5 Since xyz > 0 So the 


1 
left side is proved. And, since x + y+ z= 1 and ryz < (7 a 3 aE *) = hence the right side is proved 
‘ . , oan od 1 1 1 
Problem 82 ‘Latvia 2002’ (Sayan Mukherjee): Let a,b,c,d > 0; eas + ae + fe + ican 1 
Prove that: 
abcd > 3 
First Solution (Zhero): 
1 1 
Let w = = d 
me eget ae ae age 

Then a= + -1.0= eee c= (5-% and d= - 

1 
Let f(n) = —In(4/— —1). It is easy to verify that f has exactly one inflection point. Since we see seek to 

n 


minimize f(w) + f(x) + f(y) + f(z), by the inflection point theorem, it suffices to minimize it in the case 
in which w = x = y. In other words, in our original inequality, it suffices to minimize this in the case that 
a=b=c. i 
Let p = a*,q = 0',r =c', and s = d*. Then we want to show that pgrs > 81 when os ice = 1. But we 
Pp 
cyc 
3 

only need to check this in the case in which p = q =r, that is, when s = =o In other words, we want to 

p— 
3 


show that 2 5 > 81 <> 3p? > 8lp—162 => 3(4—3)?(a +6) > 0, as desired. 
p— 


Second Solution (Sayan Mukherjee): 
4 


d 1 1 3 
=1 = > (AM-GM) 
1+d4 1+ d4 dX 1+a* /T1.a,0(1 +a) 


Similarly we get three ther relations and multiplying we get: 
a*b*c*d* ae 


2 => abcd > 3 
Weed + a*) are! Te a*) 


Problem 83 ‘Vasile Cartoaje and Mircea Lascu’ (Zhero): Let a,b,c,x,y, and z be positive real numbers 
such thata+a>b+y>c+zanda+b+c=a2+y+4+2z. Show that 


ay+ ba >ac+ xz. 


Solution (mathinequs): 

aly —c)+ a2(b- z) =a(a—2)+(a+2)(b- z) 

Now i used : 

(a—a2)?+a%—2x 
2 


2 


a(a— x) = 
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So i got that : 
a(a—x)+(a+a)(b—z) = 


2 
So i have to prove that : (a+2)(a—2%+2(b—z))>0 
but a+ a is greater or equal than 0 and a— x +2(b— z) =b+y-—c-— z which is greater or equal than 0. 


Problem 84 ‘Nicolae Paun’ (mathinequs): Let a,b,c,x,y,z reals with a+ b+c= a7 +y?4+ 27 =1. 
To prove: 


Solution (Mharchi Abdelmalek): Using AM-GM inequality we have: a?+a”?+b?+y?+c?+27 > 2axr+2by+2cz 
Hence we have : 


en eee ea a 
l= ees!) — oe = 5 (Salo? +2%)) tab teen an bby bee bab bo 


= a(x +b) + by +0) +e(2 +0) 


cyc 


Problem 85 ‘Asian Pacific Mathematics Olympiad’ (Mharchi Abdelmalek): Let x,y, z, be a positive real 


numbers . Prove that: F 
(2 +1) Cam eos 
y z x e/LYZ 


Solution (mathinequs): 
Bashing the left hand side we need to prove : 


y x S/LYZ 


But this is AM-GM as: 


2 4 USF 
Done. 


Problem 86 ‘mateforum.ro’ (mathinequs): Let x,y,z > 0 such that cy + yz + 22 = 1. Show: 


1 1 1  9v3 


+ 
g+ae3  yty z+z27 4 


Solution (Apartim De): 

The condition xy + yz + zz = 1 accomodates the substitution 

x =cot A,y = cot B, z= cot C, where A, B,C are the angles of AABC. 
We obtain the equivalent inequality 


1 9V3 
oD aaa) eth 


cyc 
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9V3 
Asin? A > —— 
= ae sin 7 
Let f(a) = tana sin? x 
e f(z) = 2sin? x + tan? x > 0,Vxr & f(z) is increasing 
> 0, Va € (0, 7/2) 
= <0,Va € (a/2,7) 
> 0, Va € (a, 37/2) 
If the AABC be acute , by Jensen, 


> F(A) > 3F (Z) sive 


cyc 
If the AABC be obtuse-angled(at A) , 


f(A) + f(B) + f(C) =F (A+ 5) +F(B-w +F(0-(F -8)) 


(A+ 2%)+(B-k)+(C-(3-&))\ ya 
ue 3 : acd (5) 
for some suitablek < min{B,C} 


f" (x) =2sinz | 


Problem 87 ‘—’ (Apartim De): a,b,c are sides of a triangle.Prove that 


a b c 
| 2 
J2b? 427% —a2 = =9V2P +202 — 0-20? + 20? — 2 


First Solution (Endrit Fejzullahu): According to the Holder’s inequality we have : 


2 saree) (Saar -22 0) >(a+b+c)° 


cyc cyc 


We only need to prove that 
(a+b+c)>> 3S a(2b? + 2c? — a?) 


cyc 


It can be rewritten : 


3 (abe — (a+ c—b)(b+c—a)(a+b—c)) +2 (a° +b? +c? — 3abc) > 0 


By Schur abe > (a+ c— b)(b+c—a)(a+b-—c) and by AM-GM a? + b? + c? > 3abc ,so we’re done ! 


Second Solution (geniusbliss): 


3/3a(2b? + 2c? —a? 
>3 3 
me eat aoa OSS 2 (at+b+c) a oe 3v3 


cyclic cyclic cyclic cyclic 


and finish off the problem 
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Problem 88 ‘Pavel Novotn, Slovakia’ (Endrit Fejzullahu): Let a,b,c,d be positive real numbers such that 


b d 
diced = 1 and 64-04 Ged > Sb veneer . Prove that 
b ec dia 
b d 
a+b+ct+d< i ee ue 
a bcd 


First Solution (mathinequs): It’s AM-GM ! 


7 + & > 4a Suming the other and with condition : 
3(atb+c+dy+2+E444+4>3(¢424+5 


+e4+444>4(at+b+c4+d) 


Second Solution (socrates): The second condition implies that 


sig: a>? c dla 0 og ae (a+b+c+d)? 
a c+ t t t t 
b c d a abobe cd da~ ab+bc+cd+da 


so ab+ bec+cd+da>a+b+c+d. Now, it is 


b c,d a_ (bc)? | (ed)? in (da)? | (ab)? _ (be)? _, (ed)? rr (da)? | (ab)? e 
a bed abe” bed?” eda?" “dab? sg a "8 


(be+cd+da+ab)? _— (a+b+c+d)? 


> =at+tb+ct+d 
e+o4cei4d at+tb+c+d 


completing the proof. 


Problem 89 ‘—’ (geniusbliss): Let a1, a2,a3...,@, and 61, be, b3,...,b, be real numbers such that - a, > 


+ by 


em eres Oe” a a, +a9+ 03+ ...+ An is 
Mle 


Lee eee 
is n 20 7 3 a n 


5 a 
, then prove that - 


1 
a 1b, + dabg + a3b3 +... + Anbyn > | (a t ag t a3 Pies Gn) + (by + bg + b3 +... + bp) 


Solution (geniusbliss): For each k1,2,...,n,to we denote S; = a, +a2+a34+...+ a,x and bp41 = 0 
Then by Abel’s Formulae, we have 


di aibi = Sob; — b41)5;, = Sib; - bisa) 


i=l i=1 i=1 
According to Abel’s Formulae, 
n 


do aibi = (51 72)(b4 b)+(2 7) (br tb. Oba) esstans (2a ay (n 1)bn)+=(S> a1)(So hn) 


S S. S. 
By Hypothesis, we have ei > rt Pare > — so its enough to prove that 
n 


k 
doi > Abe 
i=1 


This one comes directly from the hypothesis 


i=l w=1 i=l 
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Di TO Vira Oat Di 5 bit be + b3 + 


= 2. Show: 


Problem 90 ‘mateforum.ro’ (mathinequs): Let a,b,c positives with }> ae 
a 


Co| Ot 


abc(a + b+ c— abc) < 


Solution (socrates): Multiplying out we get 2a7b?c? + ab? + b?c? + ca? = 1. 
Moreover, 


abce(a+b+c—abe) = = (2abe(a + b + c) — 2a7b?c*) = ((ab + be + ca)? — 1) 


Nile 


1 
5 (Qabe(a + b+ c) +070? +07e? +.c?a? — 1) = 


Nile 


3 
so it is enough to prove that ab+ be+ ca < 5 


bs daa fue i eS a x,y,z > 0. Then 
¥y z xv go. xv y 
ty 1 x y _ 
a . d similarl 
a (y+z)\(a+2z)7~ 2\at+z ) and similarly 
yz Leg ‘ 
bc = < rf 
C (c+ z)\(~+y)~ 2 (= —— 
ace 
ac = < i 
(ytz(caty) 2\a+y ytz 


Adding these, we are done. 


Problem 91 ‘Komal’ (Hassan Al-Sibyani): For arbitrary real numbers a, b,c. Prove that: 


3V2 
2 


Ja? +(1— 0b)? +b? + (1-024 V24+ (1—a)? > 


First Solution (Dimitris Charisis): By Minkowski’s inequality we have: 
LHS > \/(a+6+c)?+(a+b+e-—83)2. 
Setting a+b+c= 2 our inequality becomes: 


3/2 


9 9 ae 
Pee IP > ae? Gr 520? ae 120 (2-5) >0 


which is true.... 


Second Solution (Mharchi Abdelmalek): we have the flowing well-know inequality for all real numbers a,b : 
1—b 
Fpicpe> etto4 


Simarly for the other numbers.Hence we have 


la—b+1|+|b-—c+1]+|e a+l|. le b+b—c+c—a+3|  3V2 


LHS => = 
~ 2 > J2 2 


50 


Problem 92 ‘Asian Pacific Mathematics Olympiad 1996’ (Dimitris Charisis): For a,b,c sides of a tri- 
angle prove that: 


Vatb—c+Va—b+c+V—-atb+eK< Vat vb4+ Ve 


First Solution (geniusbliss): substitute a = «+ y,b=y+z2,c= 2+. we have to prove then, 
VetytVyt2¢+ Veta > V2x 4 \/2y + V2z which is true because squaring both sides, 
we have to prove 3 V(aty)(yt z) > 2fry + 2Vyz + 2\/za which is true by Cauchy - (x + y)(y+ z) > 


cyc 


(Ji + Vaz) and 


similarly for others ,equality holds for « = y = z 


Second Solution (Redwane Khyaoui): First of all , we set a = oa 


the inequality become into: V2(/z+ /y+ Vz) < VetytVytz4+vVze4+" 


ta. ee = 
then we use the well-known inequality : ava + Jy)? < x+y which means \/2(2 + y) > Vx + Vy 
and then summing the three inequalities , gives inequality desired . 


and b= #4 andc= ate 


Problem 93 ‘geniusbliss’ (geniusbliss): Prove that for x,y,z positive reals such as rz > y?,xy > 2? 
the follwing inequality holds- 

27 
8 


(2? — yz)’ > — (az — y*)(xy — 27) 


Solution (geniusbliss): this obviously implies the LHS is also positive. 

make this substitution - a = a b= - c= = 

the inequality gets transformed into 

8(a — c)? > 27(a— b)(b—c) or 

2((a — c)?)4 > 3((a — b)(b—c))3 we havea >b>e, 

multiply both sides by (a — c)3, and we get, 

2(a—c) > 3((a—b)(b—c)(a—c))# but this is just AM-GM if we write the LHS as 2(a—c) = a—b+b—c+a-—c 
so we are done and the inequality is true with equality holding when a = b= c 


Problem 94 ‘Kvant 1988’ (Mharchi Abdelmalek): Let a,b,c > 0 such that a4+b++c* < 2(a?b?+b%c? +¢?a?) 
Prove that : 
a? +b? 4+? < 2(ab+ be + ca) 


Solution (Hassan Al-Sibyani): The condition 


ye Sey ae 
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is equivalent to 
(a+b4+c)(a+b—c)(b+c—a)>0 


In any of the cases a= b+c¢c,b=c+a,c=a+tb, the inequality 


Sa <2)" ab 


is clear. So, suppose a 4 b+c,b #4 c+ta,c# a+b. Because at most one of the numbers b+c—a, c+a—b, a+b—c 
is negative and their products is non-negative, all of them are positive. Thus, we may assume that: 


a? < ab+ac,b? < be+ ba,c? < ca+ cb 


and the conclusion follows. 


Problem 95 ‘Junior Balkan Mathematical Olympiad 2002 Shortlist’ (Hassan Al-Sibyani): Let a,b,c be 


positive real numbers. Prove that 
b3 3 a 2 


pe aah oe a 


IV 


a 
b Cc a 


First Solution (Redwane Khyaout): If a > b> c then we put a = tb and b=?’'cso a= tt’c with t,t’ >1 
th inequality become into t°¢/3 + t°.t? +1 > t4¢/3 4+ ¢4.47 + tt’ 

and we consider the fonction f(t) = tt? + t/°.t? +1 — t4¢/ + t4.4? + tt’ 

so f(t) = 5t/3t4 — 4t/3¢3 + 2¢(t/ — t/4) — tt’ +1 

then , since we know that t,t’ > 1 so f’(t) > 0 which means f is increasing function , 

t>1—3 f(t) >fd)=-¢*-t+1 

setting again g(t’) = t’? — t/4 — t’ +1 so g/(t) = 5t’* — 4/3 — 1 > 0 because t/ > 1 

whic means that g is increasing fonction , so t’ > 1 > g(t) > g(1) =0 

and finally t>1— f(t) > f(1) =t® -¢4-t' +1250 


Second Solution (Mharchi Abdelmalek): 


uis-nuis 20% 5 (p— 0)45> ($F -2040) 2005 (YF -va) ar > 0 


cyc cyc 


Which is Obviously true! 


Problem 96 ‘Hojoo Lee’ (Redwane Khyaoui): If a+ b+c=1 then prouve that 


a b Lv abc 3V3 


<14 
ye Pee ctab— 


fab [b 
Solution (Endrit Fejzullahu): Let « = ey = a = 7 We see that ry + yz + zx = 1 ,and 
C a \ 


a= z2x,b= ay and c= yz 
Then we can write : (A,B,C are angles of an acute angled triangle) 


x = tan — tan = tan bani Ee ecste 
— pe a aa ay a i= 
7 2 . ad . 2 De 2 2 
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A B C 
Then a = tan? — tan — tan —, and so on ... 


After making the substitutions ,and using trigonometric transformations formulas ,the given inequality be- 
comes : 


1 1 tan 4 3V3 3/3 
t t <4 —S> 3C ;B+sin A < — 
ze i 2B is tan? 4 < 1 cosC +cos6+smnA< 5 


1+ tan + tan 


3V3 


C 
cosC' + cosB+sinC <sin> +sinC < a <> 127? < 27+ 1627 


_C 
where x = sin — 


2 


Problem 97 ‘—’ (Endrit Fejzullahu): If a1, a2,...,a@n are positive real numbers such that aj +a2+...+@n = 
1.Prove that 


n 


ay n 
gee 


i= 


Solution (Mharchi Abdelmalek): Using The Cauchy Shwarz inequality 
we have 


> ay po 3 a; > (ay + Ag... + dee = 1 > 1 = n 
eae a 2a; —a? ~ 2(a, +42...+@n)—> oa? = =2-Sa? 2-4 2n-—1 


Problem 98 ‘MOSP 2001’ (Mharchi Abdelmalek): Prove that if a,b,c > 0 have product 1 then : 


(a+ b)(b+c)(c+a) > 4(a+b+c—1) 


Solution (Endrit Fejzullahu): Since abc = 1 
Then 


(a+ b)(b+ c)(c+a) = (a+b+c)(ab+be+ca)—-1>4(a+b4+c-1) = ab+be+cat 


> 
a+b+c7— 
By the Am-Gm inequality 


3 ab + be + ca 3 ,/ 3(ab + bc + ca)3 
3 atb+c7— 27(a+b+c) 


It is enough to prove that 

3(ab + be + ca)? > 27(a+ b+ c)or(ab + bc + ca)? > Wa+b+4+c) 

By AM-GM ,we know that (ab+bc+ca)? > 3abc(a+b+c) = 3(a+b+c) , so it suffices to prove ab+be+ca > 3 
,»which is obvious . 
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Problem 99 ‘—’ (Endrit Fejzullahu): Let m,n be natural numbers .Prove that 


mn” 
(m+ n)mtn 


sin?” x - cos?" y < 


Solution (socrates): Use AM-GM (or weighted AM-GM) to get 


ts , sin? x cos? x 
1=sin* x+cos*x=m- tn = 
: , m n 
sin?x sin? x sin*x  cos*% cos?z cos? & 
ee ae _ > 
m m m on n n 


m times n times 


> (m+n) min/ (ale) (coma yn 


etc... 


Problem 100 ‘Mircea Lascu’ (Mircea Lascu): Let a,b,c > 0. Prove that 


a b 


Cc 
—+ 
a 


Solution (Vo Quoc Ba Can): Write the inequality as 


c, 4a _o+e 
a b+tee¢ 


>3 


In this form, we can see immediately that it is a direct consequence of the AM-GM Inequality. 
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